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NO-ARBITRAGE AND HEDGING WITH LIQUID AMERICAN OPTIONS
ERHAN BAYRAKTAR AND ZHOU ZHOU
Abstract. Since most of the traded options on individual stocks is of American type it is of
interest to generalize the results obtained in semi-static trading to the case when one is allowed to
statically trade American options. However, this problem has proved to be elusive so far because
of the asymmetric nature of the positions of holding versus shorting such options. Here we provide
a unified framework and generalize the fundamental theorem of asset pricing (FTAP) and hedging
dualities in [5] to the case where the investor can also short American options. Following [5], we
assume that the longed American options are divisible. As for the shorted American options, we
show that the divisibility plays no role regarding arbitrage property and hedging prices. Then
using the method of enlarging probability spaces proposed in [12], we convert the shorted American
options to European options, and establish the FTAP and sub- and super-hedging dualities in the
enlarged space both with and without model uncertainty.
1. Introduction
Recently there has been some fundamental work on no-arbitrage and hedging in a financial
market where stocks are traded dynamically and liquid options are traded statically (semi-static
strategies), see e.g., [11, 7, 8, 1] and the references therein. Even though, [3, 16, 15, 6, 12], consider
the problem of hedging American options in this framework, it is worth noting that in all the above
papers the liquid options are restricted to be European-style. But since most options on individual
stocks are of American type, it is of practical interest to consider these problems when one can use
the American options for hedging purposes. So far only three papers considered American options
as hedging devices: [9] studies the completeness of the market where American put options of all
the strike prices are available for semi-static trading, [10] studies the no arbitrage conditions on the
price function of American put options where European and American put options are available,
[5] considers FTAP and hedging duality with liquid American options.
The difficulty of using American options in semi-static trading lies in the asymmetric nature of
positions of holding versus shorting this option. Our starting point in this paper is [5], where we
assume that the liquid American options can only be bought, but not sold, and only the sub-hedging
price but not the super-hedging price of the hedged American option is considered. The reason is
that, if liquid American options are sold, or if the super-hedging is considered, then the investor
needs to use a trading strategy that is adapted to the stopping strategy used by the holders of
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2the American options. From this point of view, the problem becomes more complicated. In this
paper, we resolve these difficulties and generalize the FTAP and hedging results to the case where
shorting American options is also allowed, hence creating a unified treatment of the problem. In
particular, we assume that there are liquid American options that can be sold, and we also consider
the super-hedging price of an American option.
We assume that the longed American options are divisible, and as demonstrated by [5, Section
2], this is a crucial assumption for obtaining the FTAP and subhedging duality. We show in this
paper that the divisibility plays no role for the shorted American options regarding arbitrage and
hedging. Then using the method of enlarging probability spaces proposed in [12] (also see [2] for
its second version), we convert the shorted American options to European options. We establish
the FTAP and sub- and super-hedging dualities for American options for models with and without
model uncertainty.
A main contribution of this paper is that it provides a unified framework for the FTAP and
hedging dualities when American options are available for both static buying and selling. There is
extensive literature on FTAP and hedging duality with liquid European options. On the other hand,
due to the flexibility of American options, conceptually and technically it is much more difficult to
take liquid American options into consideration. Yet most of options in the market are of American
style. As far as we know, before this paper there are only three papers [9, 10, 5] consider American
options being liquid options, yet none of them provides such a general framework, not to mention
the FTAP and hedging duality results in this framework.
We assume options are bounded. This is because our proof crucially relies on the compactness of
liquidating strategies under the weak star topology (or Baxter-Chacon topology, see e.g., [13]). The
boundedness of American options is needed in order to use this weak star topology to prove the
FTAP and hedging results without model uncertainty, as well as apply some minimax argument
for the proof of hedging dualities with model uncertainty. One novelty of this paper lies in the
incorporation of liquid American options, and liquidating strategies for American options is crucial
and also practical for the FTAP and hedging results. We think such boundedness assumption is not
restrictive. First of all, what we have in mind for liquid options are put options, which are bounded
(e.g., [10] considers American put options). Second, we are in a finite discrete time set-up, and
within finitely many time steps, even the stock prices could be reasonably assumed to be bounded,
not to mention the option payoffs.
Another assumption is the continuity of options in the case of model uncertainty. Such assump-
tion can be expected. First, a discretization argument is used for the proof of hedging dualities,
and continuity is essential for the discretization. Second, for each (longed) American option we
have infinitely many possible payoffs associated with this American option, due to infinitely many
possible liquidating strategies. In this sense, we can think of one American option as infinitely many
European options (but with merely one price). For the existing literature on FTAP and hedging
with infinitely many European options in a model-free or model uncertainty setup, some continuity
assumption of options is often imposed. See e.g., [12, 1, 7]. In fact, our continuity assumption is
weaker in the sense that even though we assume American options at each period are continuous in
3ω, their payoffs may still be discontinuous in ω because liquidating strategies may not be continu-
ous. We again think such continuity assumption is not restrictive, since in practice most of options
are (semi-)continuous.
The rest of the paper is organized as follows. In the next section, we first show that it makes
no difference whether the shorted American options are divisible or not for the definitions of no-
arbitrage and hedging prices. Then we work on an enlarged space and establish the FTAP and
hedging dualities for a given model. In Section 3, we extend the FTAP and hedging dualities to
the case of model uncertainty.
2. No-arbitrage and hedging without model ambiguity
In this section, we first describe the setup of our financial model without model ambiguity. We
show that it makes no difference for arbitrage and hedging prices whether the shorted (not longed)
American options are divisible or not. Then we reformulate the problems of arbitrage and hedging
in an enlarged probability space, and establish FTAP and hedging dualities. Theorems 2.1-2.4 are
the main results of this section.
2.1. Original probability space. Let (Ω,F ,F = (Ft)t=0,1,... ,T ,P) be a filtered probability space,
where F is assumed to be separable, and T ∈ N represents the time horizon in discrete time.
Let S = (St)t=0,... ,T be an adapted process taking values in R
d which represents the stock prices.
Let f i : Ω 7→ R, i = 1, . . . , L, be FT -measurable, representing the payoffs of European options.
Let gj = (gjt )t=0,... ,T , j = 1, . . . ,M ; h
k = (hkt )t=0,... ,T , k = 1, . . . , N , be F-adapted processes,
representing the payoff processes of American options. We assume that we can only buy but not
sell each f i and gj at time t = 0 with price αi and βj respectively, and we can only sell but
not buy each hk at time t = 0 with price γk. Denote f = (f1, . . . , fL), α = (α1, . . . , αL), and
α−ε = (α1−ε, . . . , αL−ε) for scalar ε ∈ R. Similarly we will use g, h and β, γ for denoting vectors
(of processes and prices). For simplicity, we assume that f, g, h are bounded. Let φ = (φt)t=0,... ,T
be F-adapted, representing the payoff of the American options whose sub/superhedging prices we
are interested in calculating by semi-statically trading in S, f, g, h. For simplicity, we assume that φ
is bounded. We call g and the sub-hedged φ longed American options, and h and the super-hedged
φ shorted American options.
Remark 2.1. Here f, g, h may represent the options whose trade is quoted with bid-ask spreads.
For example, for an American option g with bid price g and ask price g, we can treat it as two
American options, one that can only be bought at price g, and the other that can only be sold at
price g.
We assume that the European options are only available to buy. This is in fact without loss of
generality, because to short a European option f is equivalent to long a European option −f. On
the other hand, unlike European options, the treatments of American options that are bought and
sold are very different, and that is the reason we separate American options into g and h.
We will often consider two cases, n = N,N + 1, where n represents the number of shorted
American options. To be more specific, for n = N , the FTAP or sub-hedging will be considered,
4and there are N shorted American options involved including h1, . . . , hN . For n = N + 1, the
super-hedging of an American option will be considered, and there are N + 1 shorted American
options including h1, . . . , hN and the super-hedged American option.
If no American options are shorted (i.e., h ≡ 0 and we consider the sub-hedging φ), then the
only information the investor can observe is F, and hence she will use a dynamic trading strategy in
the stocks that is F-adapted. Moreover, motivated by [5, Section 2], we assume that the American
options g and φ (for sub-hedging) are divisible. That is, the investor can break each unit American
options into pieces, and exercise each piece separately. We use the phrase liquidating strategy to
describe this type of exercise policy. it is more precisely defined as follows:
Definition 2.1. An F-adapted process η = (ηt)t=0,... ,T is said to be an F-liquidating strategy, if
ηt ≥ 0 for t = 0, . . . , T , and
∑T
t=1 ηt = 1. Denote L as the set of all F-liquidating strategies.
Due to the existence of shorted American options h and φ (recall that φ is shorted when we
consider the problem of super-hedging), the investor’s dynamic trading strategy for stock S and liq-
uidating strategy for longed American option gj should also be adapted to the stopping/liquidating
strategies chosen by the holders of h and φ. Moreover, since options g and sub-hedged φ are as-
sumed to be divisible, it is natural to assume that options h (and super-hedged φ) are also divisible.
This assumption makes practical sense: the investor may sell hk to several agents, or sell to the
same agent a large shares of hk. However, as we will demonstrate, in terms of no-arbitrage and
hedging prices (which we will define in the next section), it is in fact sufficient to let all shares of
hk (and super-hedged φ) be exercised once (i.e., holder of hk uses stopping times).
2.2. Discussion of divisibility for shorted American options for no-arbitrage and hedg-
ing. In this sub-section we show that whether the shorted American options are divisible or not,
the definitions of no-arbitrage and hedging prices coincide.
2.2.1. Definitions of no arbitrage and hedging prices with divisibility. Let H be the set of F-adapted
processes taking values in Rd. Let
V :=
{
(v0, . . . , vT ) ∈ R
T+1
+ :
T∑
t=0
vt = 1
}
,
which represents the space of liquidating strategies for each shorted American option. Let
Hˆn := {Hˆ(·) : V n 7→ H : Hˆr(v
1, . . . , vn) = Hˆr(u
1, . . . , un), if vkt = u
k
t for t = 0, . . . , r; k = 1, . . . , n},
and
Lˆn := {ηˆ(·) : V n 7→ L : ηˆr(v
1, . . . , vn) = ηˆr(u
1, . . . , un), if vkt = u
k
t for t = 0, . . . , r; k = 1, . . . , n},
where vk = (vk0 , . . . , v
k
T ), u
k = (uk0 , . . . , u
k
T ) ∈ V for k = 1, . . . , n, and V
n is the n-fold Cartesian
product of V . Denote the set of semi-static trading strategies
Aˆn := {(Hˆ, a, b, µˆ, c) : (a, b, c) ∈ RL+ × R
M
+ × R
N
+ , Hˆ ∈ Hˆ
n, µˆ ∈ (Lˆn)M}.
5For n = N,N + 1, denote the payoff using semi-static trading strategy (Hˆ, a, b, µˆ, c) ∈ Aˆn w.r.t.
the prices α, β, γ, with the realization v = (v1, . . . , vn) ∈ V n for shorted American options,
Φˆnα,β,γ(Hˆ, a, b, µˆ, c)(v) := Hˆ(v) · S + a(f − α) + b ((µˆ(v)) (g)− β)−
N∑
k=1
ck(vk(hk)− γk), (2.1)
where for H ∈ H,
H · S :=
T−1∑
t=0
Ht(St+1 − St),
and for µ = (µ1, . . . , µM ) ∈ (Ln)M ,
µ(g) :=
(
µ1
(
g1
)
, . . . , µM
(
gM
))
with
µj
(
gj
)
:=
T∑
t=0
gjtµ
j
t .
In the above equations we used denoted the inner product of vectors, say x and y, by xy. Here at
the right-hand-side of (2.1), the first term represents the payoff from trading stocks, second term
the payoff from trading European options, third term the payoff from trading longed American
options. and last term the payment for shorted American options.
Definition 2.2 (No arbitrage). We say NA1 holds w.r.t. the prices α, β, γ, if for any (Hˆ, a, b, µˆ, c) ∈
Aˆn
ΦˆNα,β,γ(Hˆ, a, b, µˆ, c)(v) ≥ 0, P-a.s. for any v ∈ V
N ,
implies
ΦˆNα,β,γ(Hˆ, a, b, µˆ, c)(v) = 0, P-a.s. for any v ∈ V
N .
We say SNA1 (SNA stands for “strict no arbitrage”) holds, if there exists ε > 0 such that NA1
holds w.r.t. the prices α− ε, β − ε, γ + ε.
Definition 2.3 (Hedging prices). We define the sub-hedging price of φ by
pi1(φ) := sup
{
x ∈ R : ∃(Hˆ, a, b, µˆ, c) ∈ AˆN and ηˆ ∈ LˆN ,
s.t. ΦˆNα,β,γ(Hˆ, a, b, µˆ, c)(v) + (ηˆ(v))(φ) ≥ x P-a.s., ∀v ∈ V
N
}
,
and its super-hedging price by
pi1(φ) := inf
{
x ∈ R : ∃(Hˆ, a, b, µˆ, c) ∈ AˆN+1,
s.t. x+ ΦˆN+1α,β,γ(Hˆ, a, b, µˆ, c)(v) ≥ v
N+1(φ) P-a.s., ∀v = (v1, . . . , vN+1) ∈ V N+1
}
,
For a European option ψ : Ω 7→ R, define its sub-hedging price as
pi1e(ψ) := sup
{
x ∈ R : ∃(Hˆ, a, b, µˆ, c) ∈ AˆN , s.t. ΦˆNα,β,γ(Hˆ, a, b, µˆ, c)(v) + ψ ≥ x P-a.s., ∀v ∈ V
N
}
.
Let us clarify that ∃ should be applied before ∀ in the above definition.
62.2.2. Definitions of no arbitrage and hedging prices without divisibility. For n = N,N + 1, let
H˜n := {H˜(·) : Tn 7→ H : H˜r(t
1, . . . , tn) = H˜r(s
1, . . . , sn) for r < r∗},
and
L˜n := {η˜(·) : Tn 7→ L : η˜r(t
1, . . . , tn) = η˜r(s
1, . . . , sn) for r < r∗},
where T := {0, . . . , T}, and
r∗ = inf
k∈I
(
sk ∧ tk
)
with I = {i ∈ {1, . . . , n} : si 6= ti}.
Denote the set of semi-static trading strategies by
A˜n := {(H˜, a, b, µ˜, c) : (a, b, c) ∈ RL+ × R
M
+ × R
N
+ , H˜ ∈ H˜
n, µ˜ ∈ (L˜n)M}.
and the payoff using semi-static trading strategy (H˜, a, b, µ˜, c) ∈ A˜n w.r.t. the prices α, β, γ, with
the realization t = (t1, . . . , tn) ∈ Tn for shorted American options by
Φ˜nα,β,γ(H˜, a, b, µ˜, c)(t) := H˜(t) · S + a(f − α) + b ((µ˜(t)) (g)− β)−
N∑
k=1
ck(hk
tk
− γk).
Definition 2.4 (No-arbitrage). We say NA2 holds w.r.t. the prices α, β, γ, if for any (H˜, a, b, µ˜, c) ∈
A˜n
Φ˜Nα,β,γ(H˜, a, b, µ˜, c)(t) ≥ 0, P-a.s. for any t ∈ T
N ,
implies
Φ˜Nα,β,γ(H˜, a, b, µ˜, c)(t) = 0, P-a.s. for any t ∈ T
N .
We say SNA2 holds, if there exists ε > 0 such that NA2 holds w.r.t. the prices α− ε, β − ε, γ + ε.
Definition 2.5 (Hedging prices). We define the sub-hedging price of φ as
pi2(φ) := sup
{
x ∈ R : ∃(H˜, a, b, µ˜, c) ∈ A˜N and η˜ ∈ L˜N ,
s.t. Φ˜Nα,β,γ(H˜, a, b, µ˜, c)(t) + (η˜(t))(φ) ≥ x P-a.s., ∀ t ∈ T
N
}
,
and its super-hedging price as
pi2(φ) := inf
{
x ∈ R : ∃(H˜, a, b, µ˜, c) ∈ A˜N+1,
s.t. x+ Φ˜N+1α,β,γ(H˜, a, b, µ˜, c)(t) ≥ φtN+1 P-a.s., ∀ t = (t
1, . . . , tN+1) ∈ TN+1
}
.
For a European option ψ : Ω 7→ R, define its sub-hedging price as
pi2e(ψ) := sup
{
x ∈ R : ∃(H˜, a, b, µ˜, c) ∈ A˜N , s.t. Φ˜Nα,β,γ(H˜, a, b, µ˜, c)(t) + ψ ≥ x P-a.s., ∀ t ∈ T
N
}
.
72.2.3. The Equivalence of the no-arbitrage definitions and the hedging prices.
Theorem 2.1. We have pi1(φ) = pi2(φ) and pi1(φ) = pi2(φ) and pi1e(ψ) = pi
2
e(ψ).
Proof. For the simplicity of presentation, we will only show pi1e(ψ) = pi
2
e(ψ) for L = M = 0 and
N = 2. The proof can be very easily adapted for the more general case.
Since pi1e(ψ) ≤ pi
2
e(ψ) is clear, we focus on the reverse inequality. Let x < pi
2
e(ψ), then there exists
(H˜, c1, c2) ∈ H˜ × R+ × R+ such that for any (t
1, t2) ∈ T2,
H˜(t1, t2) · S − c1(h1t1 − γ
1)− c2(h2t2 − γ
2) + ψ ≥ x, P-a.s..
Define Hˆ : V 2 7→ H,
Hˆr(u, v) =
T∑
s=0
T∑
t=0
usvtH˜r(s, t), u = (u0, . . . , uT ), v = (v0, . . . , vT ) ∈ V.
For any u, v, u′, v′ ∈ V , if for r = 0, . . . , t∗, ur = u
′
r and vr = v
′
r, then
Hˆt∗(u, v) =
T∑
s=0
T∑
t=0
usvtH˜t∗(s, t)
=
t∗∑
s=0
t∗∑
t=0
usvtH˜t∗(s, t) +
T∑
s=t∗+1
t∗∑
t=0
usvtH˜t∗(s, t) +
t∗∑
s=0
T∑
t=t∗+1
usvtH˜t∗(s, t) +
T∑
s=t∗+1
T∑
t=t∗+1
usvtH˜t∗(s, t)
=
t∗∑
s=0
t∗∑
t=0
usvtH˜t∗(s, t) +
T∑
s=t∗+1
us
t∗∑
t=0
vtH˜t∗(T, t) +
T∑
t=t∗+1
vt
t∗∑
s=0
usH˜t∗(s, T ) +
T∑
s=t∗+1
us
T∑
t=t∗+1
vtH˜t∗(T, T )
=
t∗∑
s=0
t∗∑
t=0
u′sv
′
tH˜t∗(s, t) +
T∑
s=t∗+1
u′s
t∗∑
t=0
v′tH˜t∗(T, t) +
T∑
t=t∗+1
v′t
t∗∑
s=0
u′sH˜t∗(s, T ) +
T∑
s=t∗+1
u′s
T∑
t=t∗+1
v′tH˜t∗(T, T )
=
t∗∑
s=0
t∗∑
t=0
u′sv
′
tH˜t∗(s, t) +
T∑
s=t∗+1
t∗∑
t=0
u′sv
′
tH˜t∗(s, t) +
t∗∑
s=0
T∑
t=t∗+1
u′sv
′
tH˜t∗(s, t) +
T∑
s=t∗+1
T∑
t=t∗+1
u′sv
′
tH˜t∗(s, t)
=
T∑
s=0
T∑
t=0
u′sv
′
tH˜t∗(s, t) = Hˆt∗(u
′, v′),
where for the third and fifth equalities we use the non-anticipativity of H˜ (see the definition of H˜).
This implies Hˆ ∈ Hˆ2. Now for any u, v ∈ V ,
Hˆ(u, v) · S − c1(u(h1)− γ1)− c2(v(h2)− γ2) + ψ
=
T−1∑
r=0
T∑
s=0
T∑
t=0
usvtH˜r(s, t)(Sr+1 − Sr)− c
1
T∑
s=0
us(h
1
s − γ
1)− c2
T∑
t=0
vt(h
2
t − γ
2) + ψ
=
T∑
s=0
T∑
t=0
usvt
[
H˜(s, t) · S − c1(h1s − γ
1)− c2(h2t − γ
2) + ψ
]
≥ x, P-a.s..
This implies that x ≤ pi1e(ψ). By the arbitrariness of x, we have pi
2
e(ψ) ≤ pi
1
e(ψ). 
Theorem 2.2. SNA1 and SNA2 are equivalent.
8Proof. Let SNA2 hold. Denote the sub-hedging price of each f i (resp. sub-hedging price of each gj ,
super-hedging price of each hk) using stock and other liquid options by pi′e(f
i) (resp. pi′(gj), pi′(hk)).
We will not differentiate the hedging prices for type 1 and type 2 since by Theorem 2.1 they are
the same. By SNA2, there exists ε > 0, such that NA2 holds w.r.t. the prices α − ε, β − ε, γ + ε.
This implies
αi − ε ≥ pi′e(f
i), βj − ε ≥ pi′(gj), γk + ε ≤ pi′(hk). (2.2)
Suppose SNA1 fails, then for any m ∈ N there would exist (Hˆm, am, bm, µˆm, cm) ∈ AˆN such that
ΦˆN
α− 1
m
,β− 1
m
,γ+ 1
m
(Hˆm, am, bm, µˆm, cm)(v) ≥ 0, P-a.s. ∀v ∈ V N , (2.3)
and vm ∈ V N such that
P
{
ΦˆN
α− 1
m
,β− 1
m
,γ+ 1
m
(Hˆm, am, bm, µˆm, cm)(vm) > 0
}
> 0.
If am = 0, bm = 0, cm = 0, then we would have that
Hˆ(vm) · S ≥ 0, P-a.s., and P{Hˆ(vm) · S > 0} > 0. (2.4)
SNA2 implies that for any H ∈ H, if H · S ≥ 0 P-a.s. then H · S = 0 P-a.s.. This contradicts (2.4).
Therefore, at least one of ami , b
m
j , c
m
k is not zero. Denote
dm := max{ami , b
m
j , c
m
k , i = 1, . . . , L, j = 1, . . . ,M, k = 1, . . . , N} > 0.
By (2.3),
1
dm
ΦˆNα,β,γ(Hˆ
m, am, bm, µˆm, cm)(v) +
L+M +N
m
≥ 0, P-a.s. ∀v ∈ V N . (2.5)
For each m at least one of ami /d
m, bmj /d
m, cmk /d
m is equal to 1. Without loss of generality, (up to
a sub-sequence) assume am1 /d
m = 1. Then by (2.5),
pi′e(f
1) ≥ α1 −
L+M +N
m
.
Since m is arbitrary we have that pi′e(f
1) ≥ α1, which contradicts (2.2). This shows that SNA2
implies SNA1.
We can show that SNA1 implies SNA2 using a similar argument. 
Remark 2.2. In terms of arbitrage and hedging prices, divisibility are essential for g and the sub-
hedged φ as indicated by [5, Section 2], but not essential for h and the super-hedged φ as indicated
by Theorems 2.1 and 2.2. Therefore in the rest the paper we will assume that the shorted American
options h and super-hedged φ are not divisible.
2.3. Enlarged probability space. We will follow the method in [12] to reformulate the problems
of arbitrage and hedging in an enlarged space. The advantage for working on the enlarged space is
that the shorted American options become European options.
We will again let n = N or n = N + 1. The case when n = N is for FTAP and sub-hedging φ,
i.e., either φ is not involved or the investor longs φ. The case for n = N + 1 is for super hedging
9φ. Let Ω
n
:= Ω× Tn. Here TN (resp. TN+1) represents the space of the exercise times for shorted
American options h (resp. h and φ for super-hedging). For k = 1, . . . , n, let θk : Ω
n
7→ T,
θk(ωn) = tk, ωn = (ω, t1, . . . , tn) ∈ Ω
n
. (2.6)
We extend S from Ω to Ω
n
, i.e., S
n
t (ω
n) := St(ω) for ω
n = (ω, t1, . . . , tn) ∈ Ω
n
. We similarly extend
f i, gj and φ (for sub-hedging, i.e., when n = N) and we denote the extensions as f i
n
, gj
n
, φ
N
,
respectively. For k = 1, . . . , N , we extend hk from Ω to Ω
n
,
hk
n
(ωn) := hk
tk
(ω), ωn = (ω, t1, . . . , tn) ∈ Ω
n
.
Similarly, (for super-hedging) we extend φ from Ω to Ω
N+1
,
φ
N+1 (
ωN+1
)
:= φtN+1(ω), ω
N+1 = (ω, t1, . . . , tN+1) ∈ Ω
N+1
.
Remark 2.3. The extensions φ
N
and φ
N+1
serve different roles: φ
N
is an American option, which
will be considered in the sub-hedging problem, while φ
N+1
is a European option, which will be
considered in the super-hedging problem.
Next, let us define the enlarged filtration. For t = 0, . . . , T ,
F
n
t := σ(Ft × T
n, {θk ≤ s}, s = 0, . . . , t, k = 1, . . . , n),
where Ft × T
n := {A× Tn : A ∈ Ft}. Denote F
n
:=
(
F
n
t
)
t=0,... ,T
.
Finally, for n = N,N + 1, let Pn be any probability measure on (Tn,B(Tn))1 with full support.
That is, for any (t1, . . . , tn) ∈ Tn
Pn({t1, . . . , tn}) > 0.
Let P
n
:= P⊗ Pn. M
n
:= (Ω
n
,F
n
T ,F
n
,P
n
) will serve as the enlarged filtered probability space.
Let H
N
(resp. H
N+1
) be the set of F
N
-adapted (resp. F
N+1
-adapted) processes, representing the
set of dynamic trading strategies for the stock based on information F as well as the exercise times
of h (resp. h and φ for super-hedging). Similarly, let L
n
be the set of F
n
-liquidating strategies.
Below we give the definition of semi-static trading strategies in the enlarged filtered probability
space.
Definition 2.6. For n = N,N + 1, a quintuplet (H, a, b, µ, c) is said to be an M
n
-semi-static
trading strategy, if (a, b, c) ∈ RL+ × R
M
+ × R
N
+ , H ∈ H
n
, and µ ∈ (L
n
)M . Denote A
n
as the set of
M
n
-semi-static trading strategies.
The payoff using semi-static trading strategy (H, a, b, µ, c) ∈ A
n
w.r.t. the prices α, β, γ is given
by
Φ
n
α,β,γ(H, a, b, µ, c) := H · S
n
+ a(f
n
− α) + b(µ(gn)− β)− c(h
n
− γ).
1We use B to identify the Borel sigma-algebra.
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2.4. FTAP and hedging dualities.
Definition 2.7 (No arbitrage). For n = N,N + 1, we say no arbitrage (NA) holds in M
n
w.r.t.
the prices α, β, γ, if for any M
n
-semi-static trading strategy (H, a, b, µ, c) ∈ A
n
Φ
n
α,β,γ(H, a, b, µ, c) ≥ 0, P
n
-a.s., implies Φ
n
α,β,γ(H, a, b, µ, c) = 0, P
n
-a.s..
We say strict no arbitrage (SNA) holds in M
n
, if there exists ε > 0 such that NA holds in M
n
w.r.t.
the prices α− ε, β − ε, γ + ε.
Obviously, we have the following.
Corollary 2.1. NA2 and SNA2 are equivalent to NA and SNA in M
N
, respectively.
For n = N,N + 1, we will denote the collection martingale measures on (Ω
n
,F
n
T ,F
n
) by Mn.
Define the subset of Mn that are equivalent to Pn and are satisfying the distributional constraints
(that come from having to price the given option prices correctly) by
Q
n
:=
{
Q ∼ P
n
: S
n
is a Q-martingale, EQ
[
f
n
]
< α, EQ
[
h
n
]
> γ, sup
τ∈T
n
EQ [g
n
τ ] < β
}
, (2.7)
where T
n
represents the set of F
n
-stopping times,
sup
τ∈T
n
EQ[g
n
τ ] :=
(
sup
τ∈T
n
EQ
[
g1τ
n
]
, . . . , sup
τ∈T
n
EQ
[
gMτ
n
])
,
and the inequalities above are understood component-wise.
Theorem 2.3 (FTAP). For n = N,N + 1, SNA in M
n
⇐⇒ Q
n
6= ∅.
Proof. The result is implied by [5, Theorem 3.1]. Indeed, the probability space introduced in [5,
Section 3] is general enough to apply it to the enlarged space M
n
. 
Remark 2.4. Let us point out that the proof of [5, Theorem 3.1] uses a separating hyperplane
argument. The boundedness of options is used for the proof of the closedness of a certain set in
L
∞ under the weak star topology. In particular, the weak compactness of liquidating strategies is
crucial for the proof of the closedness.
Remark 2.5. Intuitively, SNA in M
N
should be equivalent to SNA in M
N+1
, since the additional
information coming from θN+1 plays no role in terms of no-arbitrage. The equivalence can also be
verified from Theorem 2.3.
Indeed, if SNA holds in M
N
, then there exists Q ∈ Q
N
by Theorem 2.3. For t = 0, . . . , T , let
Qt := Q ⊗ δ{t}. Then it is easy to see that Q
t ∈ MN+1 satisfying the inequalities in (2.7) with
n = N + 1. Let
Q′ :=
1
T + 1
T∑
t=0
Qt =
1
T + 1
Q⊗
(
δ{0} + . . .+ δ{T}
)
.
Then
Q′ ∈ Q
N+1
.
Therefore, SNA also holds in M
N+1
by Theorem 2.3.
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Conversely, if SNA holds in M
N+1
, then there exists R′ ∈ Q
N+1
by Theorem 2.3. Let R be the
restriction of R′ on
(
Ω
N
,F
N
T
)
. Noting that sup
τ∈T
N ER
[
gMτ
N
]
≤ sup
τ∈T
N+1 ER′
[
gMτ
N+1
]
, we
have R ∈ Q
N
. This implies that SNA also holds in M
N
.
Remark 2.6. If on the original probability space (Ω,F ,F,P) there exists a martingale measure
Q ∼ P such that EQ[f ] < α, supτ∈T EQ[gτ ] < β, and supτ∈T EQ[hτ ] > γ (where T is the set of
F-stopping times), then intuitively we expect that SNA would hold in M
N
(and thus M
N+1
by
Remark 2.5). This can also be seen from Theorem 2.3.
Indeed, for k = 1, . . . , N , let τk ∈ T be such that EQ[h
k
τk
] > γk. Now define Q′ on
(
Ω
N
,F
N
T
)
by
Q′(A) :=
∫
Ω
N
1A(ω, t
1, . . . , tN )Q(dω) dδ{(τ1(ω),... ,τN (ω))}, A ∈ F
N
T .
Then it can be show that Q′ ∈ MN satisfying the inequalities in (2.7) with n = N . Let P be a
probability measure on (TN ,B(TN )) with full support and let Q′′ := Q⊗ P . Then it can be shown
that Q′′ ∼ P
n
and Q′′ ∈ MN satisfying EQ′′ [f
n
] < α and supτ∈T n EQ′′ [g
n
τ ] < β. For λ ∈ (0, 1), let
Qλ := (1− λ)Q
′ + λQ′′. Then we can show that Qλ ∈ Q
N
for λ close to 0 enough. Therefore, SNA
holds in M
N
.
For the following definition it would be helpful to recall the difference between the extensions φ
N
and φ
N+1
(see Remark 2.3).
Definition 2.8. We define the sub-hedging price of φ by
pi(φ) := sup
{
x ∈ R : ∃(H, a, b, µ, c) ∈ A
N
and η ∈ L
N
, s.t. Φ
N
α,β,γ(H, a, b, µ, c) + η(φ
N
) ≥ x, P
N
-a.s.
}
,
(2.8)
and its super-hedging price of by
pi(φ) := inf
{
x ∈ R : ∃(H, a, b, µ, c) ∈ A
N+1
, s.t. x+Φ
N+1
α,β,γ(H, a, b, µ, c) ≥ φ
N+1
, P
N+1
-a.s.
}
.
(2.9)
Obviously, we have the following.
Corollary 2.2. pi2(φ) = pi(φ) and pi2(φ) = pi(φ).
Recall the martingale measure set Q
n
defined in (2.7). We have the following sub- and super-
hedging dualities without model ambiguity.
Theorem 2.4 (Hedging dualities). Let SNA hold in M
N
(and thus M
N+1
by Remark 2.5). Then
pi(φ) = inf
Q∈Q
N
sup
τ∈T
N
EQ
[
φ
N
τ
]
and pi(φ) = sup
Q∈Q
N+1
EQ
[
φ
N+1
]
.
Moreover, there exist optimal sub- and super-hedging strategies.
Proof. The result is implied by [5, Theorem 3.2], since the probability space introduced in [5, Section
3] is general enough to apply it to the enlarged space M
n
. 
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Remark 2.7. Let us point out that the hedging dualities in [5, Theorem 3.2] follows from [5, Theorem
3.1]. As for the existence of optimal hedging strategies, the Bax-Chacon topology (see e.g., [13]) of
liquidating strategies is used and that is where the boundedness (or integrability) of options gets
involved.
Remark 2.8. It is possible that
inf
Q∈Q
N
sup
τ∈T
N
EQ
[
φ
N
τ
]
> sup
τ∈T
N
inf
Q∈Q
N
EQ
[
φ
N
τ
]
.
We refer to [3, Example 2.1] for such an example. In fact, the right-hand-side of the above would
be the sub-hedging price of φ if we assume φ is not divisible (see [3, Theorem 2.1]). Note that the
divisibility matters for longed American options including the sub-hedged φ.
Remark 2.9. It can be shown that
inf
Q∈Q
N
sup
τ∈T
N
EQ
[
φ
N
τ
]
≤ sup
Q∈Q
N
sup
τ∈T
N
EQ
[
φ
N
τ
]
≤ sup
Q∈Q
N+1
EQ
[
φ
N+1
]
. (2.10)
Indeed, for any Q ∈ Q
N
, let τ ε ∈ T
N
be an ε optimizer for sup
τ∈T
N EQ
[
φ
N
τ
]
. Define a probability
measure on Q′ on
(
Ω
N+1
,F
N+1
T
)
by
Q′(A) :=
∫
Ω
N+1
1A(ω, t
1, . . . , tN , tN+1) dQ(ω, t1, . . . , tN ) dδ{τε(ω,t1,... ,tN )}, A ∈ F
N+1
T .
Then it can be shown that Q′ ∈ MN+1 satisfying the inequalities in (2.7) with n = N+1. Moreover,
EQ′
[
φ
N+1
]
= EQ
[
φ
N
τε
]
≥ sup
τ∈T
N
EQ
[
φ
N
τ
]
− ε.
Let
Q′′ :=
1
T + 1
Q⊗
(
δ{0} + . . .+ δ{T}
)
.
Then it can be shown that Q′′ ∈ Q
N+1
. Let
Qλ := (1− λ)Q
′ + λQ′′.
Then it is easy to see that Qλ ∈ Q
N+1
for any λ ∈ (0, 1). Moreover, by choosing λ close to 0
enough, we can let Qλ be such that
sup
Qˆ∈Q
N+1
E
Qˆ
[
φ
N+1
]
≥ EQλ
[
φ
N+1
]
≥ EQ′
[
φ
N+1
]
− ε ≥ sup
τ∈T
N
EQ
[
φ
N
τ
]
− 2ε.
By the arbitrariness of Q and ε, we have (2.10) holds.
In fact, (2.10) should hold on an intuitive level, because the second term in (2.10) corresponds
to the super-hedging price of φ in the case where the holder of φ reveals the stopping strategy at
the beginning to the hedger. We refer to [3, Section 3.1] for a detailed discussion.
Let us also point out that in (2.10) the third term may be strictly greater than the second term.
We refer to [3, Example 3.1], [15], and [12, Example 2.9] for such examples.
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3. No-arbitrage and hedging under model uncertainty
In this section, we extend the FTAP and hedging dualities to the case of model uncertainty, which
is described by a collection of measures which is not necessarily dominated. We will formulate the
arbitrage and hedging directly on the enlarged space. Theorems 3.1 and 3.2 are the main results of
this section. In this section, our notation will slightly change to accommodate the model uncertainty.
3.1. Original space. We follow the set-up in [8]. For any set X, let B(X) be its Borel sigma
algebra, and P(X) be the set of probability measures on (X,B(X)). Let Ξ be a complete separable
metric space and T ∈ N be the time horizon. Let Ξt := Ξ
t be the t-fold Cartesian product for
t = 1, . . . , T (with convention Ξ0 is a singleton). Denote Ω := ΞT . We denote by Ft the universal
completion of B(Ξt), and F := (Ft)t=0,... ,T . For each t ∈ {0, . . . , T − 1} and ω ∈ Ξt, we are given
a nonempty convex set of probability measures Pt(ω) on (Ξ,B(Ξ)). We assume that for each t,
the graph of Pt is analytic, which ensures that Pt admits a universally measurable selector, i.e., a
universally measurable kernel Pt : Ξt → P(Ξ) such that Pt(ω) ∈ Pt(ω) for all ω ∈ Ξt. Let
P := {P0 ⊗ . . .⊗ PT−1 : Pt(·) ∈ Pt(·), t = 0, . . . , T − 1}, (3.1)
where each Pt is a universally measurable selector of Pt, and
P0 ⊗ . . . ⊗ PT−1(A) =
∫
Ω1
. . .
∫
Ω1
1A(ω1, . . . , ωT )PT−1(ω1, . . . , ωT−1; dωT ) . . . P0(dω1), A ∈ B(Ω).
The concepts S, f, g, h, α, β, γ, φ are defined as in Section 2, except that here we require S, g, h, φ
to be (B(Ξt))t-adapted, f to be B(Ω)-measurable.
We make the following standing assumption.
Assumption 3.1.
(i) The set of martingale measures on (Ω,Ft,F)
Q(α) := {Q≪ P : S is a Q-martingale, EQ[f ] ≤ α}
is weakly compact, where Q≪ P means that there exists some P ∈ P dominating Q.
(ii) f is bounded from below, h is bounded from above and upper-semicontinuous in ω ∈ Ω.
(iii) g and φ are bounded and uniformly continuous in ω ∈ Ω.
Remark 3.1. We refer to [5, Examples 5.1 & 5.2] for examples satisfying Assumption 3.1.
Remark 3.2. If φ is considered to be super-hedged, then φ is only required to be bounded from
above and upper-semicontinuous in ω ∈ Ω.
3.2. Enlarged space. For n = N,N+1, as in Section 2.3, let (Ω
n
,F
n
T ,F
n
) be the enlarged filtered
space for (Ω,FT ,F). All the variables f
n
, gn, h
n
, φ
n
,H
n
,L
n
,A
n
,Φ
n
α,β,γ(H, a, b, µ, c) are as before,
except that we require that for any µ = (µ0, . . . , µT ) ∈ L
n
, µt is Borel measurable.
Let
P
n
:= {P ⊗R : P ∈ P, R is a probability measure on (Tn,B(Tn))},
and denote M
n
:= (Ω
n
,F
n
T ,F
n
,P
n
).
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3.3. FTAP and hedging dualities.
Definition 3.1 (No arbitrage). For n = N,N + 1, we say no arbitrage (NA) holds in M
n
w.r.t.
the prices α, β, γ, if for any M
n
-semi-static trading strategy (H, a, b, µ, c) ∈ A
n
Φ
n
α,β,γ(H, a, b, µ, c) ≥ 0, P
n
-q.s.2, implies Φ
n
α,β,γ(H, a, b, µ, c) = 0, P
n
-q.s..
We say strict no arbitrage (SNA) holds in M
n
, if there exists ε > 0 such that NA holds in M
n
w.r.t.
the prices α− ε, β − ε, γ + ε.
Definition 3.2 (Hedging prices). We define the sub-hedging price of φ by
pi(φ) := sup
{
x ∈ R : ∃(H, a, b, µ, c) ∈ A
N
and η ∈ L
N
, s.t. Φ
N
α,β,γ(H, a, b, µ, c) + η(φ
N
) ≥ x, P
N
-q.s.
}
,
(3.2)
and its super-hedging price by
pi(φ) := inf
{
x ∈ R : ∃(H, a, b, µ, c) ∈ A
N+1
, s.t. x+Φ
N+1
α,β,γ(H, a, b, µ, c) ≥ φ
N+1
, P
N+1
-q.s.
}
.
(3.3)
For n = N,N + 1 and (α′, β′, γ′) ∈ RL × RM × RN , define the set of martingale measures on
(Ω
n
,F
n
T ,F
n
),
Q
n
(α′, β′, γ′) :=
{
Q≪ P
n
: S
n
is a Q-martingale, EQ
[
f
n
]
≤ α, EQ
[
h
n
]
≥ γ, sup
τ∈T
n
EQ [g
n
τ ] ≤ β
}
.
(3.4)
Theorem 3.1 (Hedging dualities). Let Assumption 3.1 hold. If SNA holds in M
N
, then
pi(φ) = inf
Q∈Q
N
(α,β,γ)
sup
τ∈T
N
EQ
[
φ
N
τ
]
and pi(φ) = sup
Q∈Q
N+1
(α,β,γ)
EQ
[
φ
N+1
]
.
Moreover, there exist Q′ ∈ Q
N
(α, β, γ) and Q′′ ∈ Q
N+1
(α, β, γ) that attain the infimum and supre-
mum for the dualities above.
Theorem 3.2 (FTAP). Let Assumption 3.1 hold. Then SNA holds in M
N
if and only if there
exists ε > 0 such that for any P ∈ P
N
, there exists Q ∈ Q
N
(α− ε, β − ε, γ + ε) dominating P .
3.4. Proofs of Theorems 3.1 and 3.2. Before we give the proofs of the main results of this
section, we will obtain some preliminary results. The proofs of the theorems are at the end of this
sub-section. Throughout we use n, when we mean that a statement hold for both n = N and
n = N + 1.
Definition 3.3. We say NA(P
n
) holds, if for any H ∈ H
n
,
H · S ≥ 0, P
n
-q.s., implies H · S = 0, P
n
-q.s..
Define the set of martingale measures on (Ω
n
,F
n
T ,F
n
),
Q
n
:= {Q≪ P
n
: S
n
is a Q-martingale}.
2For a set of probability measures P , we say a property holds P-q.s., if the property holds P -a.s. for any P ∈ P .
15
Lemma 3.1. NA(P
n
) holds if and only if for any P ∈ P
n
there exists Q ∈ Q
n
dominating P .
Proof. The results of [8] does not directly apply because they work on the canonical space. But
extending their result is not difficult. First observe that as usual the sufficiency is obvious. Let us
focus on the necessity. If NA(P
n
) holds, then it is easy to see that NA(P) holds in the original
space (Ω,FT ,F) (i.e., for any F-adapted process H, if H · S ≥ 0 P-q.s., then H · S = 0 P-q.s.).
Then for any P ⊗R ∈ P
n
with P ∈ P and R a probability measure on (Tn,B(Tn)), by [8, Theorem
4.5] there exists Q being a martingale measure on the original space (Ω,FT ,F) and P
′ ∈ P such
that P ≪ Q≪ P ′. Then Q⊗R ∈ Q
n
dominates P ⊗R. 
Let ζ : Ω
n
7→ R be Borel measurable. Define the super-hedging price of ζ using only dynamic
trading in S as
pi0(ζ) := inf{x ∈ R : ∃H ∈ H
n
, s.t. x+H · S
n
≥ ζ, P
n
-q.s.}.
Lemma 3.2. Let NA(P
n
) hold. Then
pi0(ζ) = sup
Q∈Q
n
EQ[ζ]. (3.5)
Moreover, there exists an optimal super-hedging strategy.
Proof. We adapt the arguments in [12, Section 3.1], and will only sketch the proof. For simplicity
of the presentation, we assume that n = 2. For t = 0, . . . , T , let
Ξt = Ξt × {0, . . . , t}
2 and Gt := Ft ∨ σ(θ
1 ∧ t) ∨ σ(θ2 ∧ t),
where θ1 and θ2 are defined as in (2.6). For t = 0, . . . , T − 1 and ω ∈ Ξt, let
Qt(ω) := {Q≪ Pt(ω) : EQ[y(St+1(ω, ·)− St(ω))] = 0, ∀y ∈ R
d}.
We provide the main idea of the proof in the following four steps.
Step 1. Let t ∈ {0, . . . , T − 1}. For a upper-semianalytic function χ : Ξ
t+1
7→ R¯, define the map
Et(χ) : Ξ
t
7→ R¯ by
Et(χ)(ω) := sup
Q∈Qt(ω)
{
EQ[χ(ω, ·, s
1, s2)]1{s1<t, s2<t}
+EQ[χ(ω, ·, s
1, t)] ∨ EQ[χ(ω, ·, s
1, t+ 1)]1{s1<t, s2=t}
+EQ[χ(ω, ·, t, s
2)] ∨ EQ[χ(ω, ·, t+ 1, s
2)]1{s1=t, s2<t}
+EQ[χ(ω, ·, t, t)] ∨ EQ[χ(ω, ·, t, t + 1)] ∨ EQ[χ(ω, ·, t+ 1, t)] ∨EQ[χ(ω, ·, t + 1, t+ 1)]1{s1=s2=t}
}
,
for ω = (ω, s1, s2) ∈ Ξ
t
. From [8, Lemma 4.10], Et(χ) is upper-semianalytic. Moreover, there exist
universally measurable functions yi : Ξ
t
7→ Rd, i = 1, 2, 3, 4 such that
Et(χ)(ω) + y
1(ω)(St+1(ω, ·) − St(ω)) ≥ χ(ω, ·, s
1, s2),
Et(χ)(ω) + y
2(ω)(St+1(ω, ·) − St(ω)) ≥ χ(ω, ·, s
1, t+ 1),
Et(χ)(ω) + y
3(ω)(St+1(ω, ·) − St(ω)) ≥ χ(ω, ·, t+ 1, s
2),
Et(χ)(ω) + y
4(ω)(St+1(ω, ·) − St(ω)) ≥ χ(ω, ·, t+ 1, t+ 1),
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P(ω)-q.s. for any ω = (ω, s1, s2) ∈ Ξ
t
such that NA(Pt(ω))
3 holds.
Step 2. Now assume ζ is bounded from above. Then following the argument in [12, Lemma 3.2]
we can show that
sup
Q∈Q
2
loc
EQ[ζ] = E0 ◦ . . . ◦ ET−1(ζ), (3.6)
where
Q2loc := {Q≪ P
2
: S
2
is a (Q,F
2
)-local martingale}.
Indeed, for any Q ∈ Q
2
loc, we can use a backward induction to show that
EQ[ζ|Gt] ≤ Et ◦ . . . ◦ ET−1(ζ) =: E
t(ζ) (3.7)
Q-a.s. for t = 0, . . . , T − 1. This implies “≤” holds for (3.6). Conversely, we can perform a
measurable selection argument and construct an ε-optimizer to show “≥” for (3.6).
Step 3. Assume ζ is bounded from above. Recall E t(ζ) defined in (3.7) and denote ET [ζ] = ζ.
By Step 1, for t = 0, . . . , T − 1 there exist universally measurable functions yit, i = 1, 2, 3, 4 such
that
y1t (ω)(St+1(ω, ·) − St(ω)) ≥ E
t+1(ζ)(ω, s1, s2)− E t(ζ)(ω),
y2t (ω)(St+1(ω, ·) − St(ω)) ≥ E
t+1(ζ)(ω, s1, t+ 1)− E t(ζ)(ω),
y3t (ω)(St+1(ω, ·) − St(ω)) ≥ E
t+1(ζ)(ω, t+ 1, s2)− E t(ζ)(ω),
y1t (ω)(St+1(ω, ·) − St(ω)) ≥ E
t+1(ζ)(ω, t+ 1, t+ 1)− E t(ζ)(ω),
P(ω)-q.s. for any ω = (ω, s1, s2) ∈ Ξ
t
with NA(Pt(ω)) holds. Therefore,
T−1∑
t=0
Ht(S
2
t+1 − S
2
t ) ≥
T−1∑
t=0
[
E t+1(ζ)− E t(ζ)
]
= ζ − E0[ζ] = ζ − sup
Q∈Q
2
loc
EQ[ζ], P
2
-q.s.,
where for ω = ((ω1, . . . , ωT ), s
1, s2) ∈ Ω
2
,
Ht(ω) := y
1
t ([ω]t)1{s1≤t, s2≤t} + y
2
t ([ω]t)1{s1≤t, s2>t} + y
3
t ([ω]t)1{s1>t, s2≤t} + y
4
t ([ω]t)1{s1>t, s2>t},
with [ω]t := ((ω1, . . . , ωt), s
1, s2) ∈ Ξt for t = 0, . . . , T . Hence,
pi0(ζ) ≤ sup
Q∈Q
2
loc
EQ[ζ].
Using the proof in [8, Lemma A.3], we can show that sup
Q∈Q
2
loc
EQ[ζ] = supQ∈Q2 EQ[ζ]. It is easy
to show the weakly duality,
pi0(ζ) ≥ sup
Q∈Q
2
EQ[ζ].
Therefore, we have (3.5) holds when ζ is bounded from above.
Step 4. In general, using [8, Theorem 2.2] we can show that
lim
m→∞
pi0(ζ ∧m) = pi0(ζ).
3That is, for any y ∈ Rd, if y(St+1(ω, ·) − St(ω)) ≥ 0 Pt(ω)-q.s., then y(St+1(ω, ·)− St(ω)) = 0 Pt(ω)-q.s..
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Moreover, by monotone convergence theorem,
lim
m→∞
sup
Q∈Q
2
EQ[ζ ∧m] = sup
Q∈Q
2
EQ[ζ].
Hence (3.5) holds. The existence of an optimal hedging strategy follows from [8, Theorem 2.3]. 
Let ξ := (ξ1, . . . , ξe) : Ω
n
7→ Re be Borel measurable, representing e European options available
for static buying with prices ξ˜ := (ξ˜1, . . . , ξ˜e) ∈ Re in the space (Ω
n
,F
n
T ,F
n
). For i = 1, . . . , e,
assume EQ|ξ
i| <∞ and EQ|ζ| <∞ for any Q ∈ Q
n
.
Definition 3.4. We say NA(P
n
) holds with (ξ, ξ˜) (in the space (Ω
n
,F
n
T ,F
n
)), if for any (H, a) ∈
H
n
× Re+,
H · S
n
+ a(ξ − ξ˜) ≥ 0, P
n
-q.s., then H · S
n
+ a(ξ − ξ˜) = 0, P
n
-q.s..
We say SNA(P
n
) holds with (ξ, ξ˜), if there exists ε > 0 such that NA(P
n
) holds with (ξ, ξ˜ − ε).
Given ξˆ ∈ Re, let
Q
n
ξˆ := {Q≪ P
n
: S
n
is a Q-martingale, EQ[ξ] ≤ ξˆ}.
Define the super-hedging price of ζ with (ξ, ξˆ) as
pie(ζ) := inf{x ∈ R : ∃(H, a) ∈ H
n
× Re+, s.t. x+H · S
n
+ a(ξ − ξˆ) ≥ ζ, P
n
-q.s.}.
Lemma 3.3. (i) SNA(P
n
) holds with (ξ, ξ˜) if and only if there exists ε > 0, such that for any
P ∈ P
n
, there exists Q ∈ Q
n
ξ˜−ε dominating P .
(ii) Let SNA(P
n
) hold with (ξ, ξ˜). Then
pie(ζ) = sup
Q∈Q
n
ξ˜
EQ[ζ]. (3.8)
Moreover, there exists an optimal super-hedging strategy.
Proof. We adapt the arguments for [4, Theorem 2.1], and will only sketch the proof.
Following Part 1 of the proof of [4, Theorem 2.1], we can show that the set
C := {H · S
n
+ a(ξ − ξ˜)−W : H ∈ H
n
, a ∈ Re+, W ≥ 0 P
n
-q.s.},
is closed. That is, if U j ∈ C and U j → U P
n
-q.s. as j →∞, then U ∈ C. Let (Hj , aj) ∈ H
n
× Re+
such that
pie(ζ) +
1
j
+Hj · S
n
+ aj(ξ − ξ˜) ≥ ζ, P
n
-q.s..
Then by the closedness of C, there exists (H, a) ∈ H
n
× Re+ such that
pie(ζ) +H · S
n
+ a(ξ − ξ˜)) ≥ ζ, P
n
-q.s..
This implies the existence of an optimal hedging strategy.
We will use an induction to show (i) and (3.8). By Lemmas 3.1 and 3.2 the results hold for e = 0.
Assume the results hold for e = k, and consider the case when e = k + 1. For j = k, k + 1, denote
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ξj = (ξ1, . . . , ξj), ξ˜j = (ξ˜1, . . . , ξ˜j), pij(·) the super-hedging price using stocks S
n
and options ξj ,
and
Q
n
ξˆ
j := {Q≪ P
n
: S
n
is a Q-martingale, EQ[ξ
j] ≤ ξˆ
j
}, ξˆ
j
∈ Rj .
Proof of (i) when e = k+1. The necessity part is easy to show, and we focus on the sufficiency.
Since SNA holds with (ξk+1, ξ˜
k+1
), there exists ε > 0 such that SNA still holds with (ξk+1, ξ˜
k+1
−ε).
Then by induction hypothesis, we have
inf
Q∈Q
n
ξ˜
k
−ε
EQ[ξ
k+1] = −pik(−ξk+1) ≤ ξ˜k+1 − ε.
Hence, there exists Q∗ ∈ Q
n
ξ˜
k
−ε
such that
EQ∗ [ξ
k+1] ≤ ξ˜k+1 −
ε
2
. (3.9)
As SNA also holds with (ξk, ξ˜
k
), by induction hypothesis there exists ε′ > 0, such that for any
P ∈ P
n
there exists Q ∈ Q
n
ξ˜
k
−ε′
dominating P . Now let δ := ε4 ∧
ε′
2 . For any P
′ ∈ P
n
, let
Q′ ∈ Q
n
ξ˜
k
−ε′
⊂ Q
n
ξ˜
k
−δ
dominate P ′. Then by choosing λ ∈ (0, 1) and close to 0 enough, we can show
that P ′ ≪ (1− λ)Q∗ + λQ′ ∈ Q
n
ξ˜
k
−δ
.
Proof of (3.8) when e = k + 1. Without loss of generality, we may assume that ζ is bounded
from above. Otherwise we can first consider ζ ∧m and then send m→∞ as in Step 4 in the proof
of Lemma 3.2. It is easy to show “≥” for (3.8), and we focus on the reverse inequality. It suffices
to show that there exists Qj ∈ Q
n
ξ˜
k such that
lim
j→∞
EQj [ξ
k+1] ≤ ξ˜k+1 and lim
j→∞
EQj [ζ] ≥ pi
k+1(ζ).
Indeed, if such Qj exists, then one can take Qλ := (1 − λ)Q
j + λQ∗, where λ ∈ (0, 1) and Q∗ is
chosen in (3.9); By choosing j large enough and λ close to 0, we can show that Qλ ∈ Q
n
ξ˜
k+1 and
EQλ [ζ] arbitrarily close to pi
k+1(ζ), which implies “≤” for (3.8).
Suppose such Qj does not exist, then{
(EQ[ξk+1], EQ[ζ]) : Q ∈ Q
n
ξ˜
k
}
∩ (−∞, ξ˜k+1]× [pik+1,∞) = ∅.
Then there exists (y, z) ∈ R2 \ {(0, 0)} such that
inf
Q∈Q
n
ξ˜
k
EQ[yξ
k+1 + zζ] > sup
(a,b)∈(−∞,ξ˜k+1]×[pik+1,∞)
(ya+ zb) ≥ yξ˜k+1 + zpik+1(ζ).
Obviously y ≥ 0 and z ≤ 0. There exists ε > 0 such that
yξ˜k+1 + z(pik+1(ζ)− ε) < inf
Q∈Q
n
ξ˜
k
EQ[yξ
k+1 + zζ].
Now consider the market with options (ξ1, . . . , ξk, yξk+1+zζ) available for static buying with prices
(ξ˜1, . . . , ξ˜k, yξ˜k+1 + z(pik+1(ζ)− ε)). It can be shown that SNA holds. Therefore,
yξ˜k+1 + z(pik+1(ζ)− ε) ≥ inf
Q∈Q
n
ξ˜
k
EQ[yξ
k+1 + zζ].
Contradiction. 
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Lemma 3.4. SNA holds with ((f
N
,−h
N
), (α,−γ)) in the space (Ω
N
,F
N
T ,F
N
) if and only if SNA
holds with ((f
N+1
,−h
N+1
), (α,−γ)) in the space (Ω
N+1
,F
N+1
T ,F
N+1
).
Proof. The proof is similar to the argument in Remark 2.5 and we omit it here. 
Lemma 3.5. For k = 1, . . . ,K, let gk = (gkt )t=0,... ,T be a bounded F
n
-adapted process uniformly
continuous for t = 1, . . . , T , i.e. for t = 1, . . . , T and k = 1, . . . ,K,∣∣∣gkt (ω1, t)− gkt (ω2, t)∣∣∣ ≤ ρ
(
max
s=1,... ,t
|ω1s − ω
2
s |
)
, ωi = (ωi1, . . . , ω
i
T ) ∈ Ξ
T , i = 1, 2, t ∈ Tn,
where ρ is a modulus of continuity. Let R be a convex and weakly compact set of probability measures
on (Ω
n
,F
n
T ). Then
sup
µk∈L
n
k=1,... ,K
inf
R∈R
ER
[
K∑
k=1
µk(gk)
]
= inf
R∈R
sup
µk∈L
n
k=1,... ,K
ER
[
K∑
k=1
µk(gk)
]
= inf
R∈R
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gkτk
]
.
(3.10)
Proof. We adapt the proof of [5, Lemma 6.1]. To overcome the difficulties stemming from both
the i) discontinuity of stopping times, ii) the fact that the collection R may not have a dominating
measure, we will first discretize Ω
n
. We will then apply the minimax theorem to the discretized
expression version of (3.10), and finally take the limit to conclude.
To this end, let (Ami )i∈N ⊂ B(Ξ) be a countable partition of Ω, such that the diameter of each
Ami is less than 1/m. Take o
m
i ∈ A
m
i for each i and m. Define the map λ
m : Ω
n
7→ Ω
n
such that for
any ω = (ω1, . . . , ωT , t
1, . . . , tn) ∈ Ω
n
= ΞT × Tn, if ωt ∈ A
m
it
for t = 1, . . . , T , then
λm(ω) = (oi1 , . . . , oiT , t
1, . . . , tn).
Let
Rm := {R ◦ (λ
m)−1 : R ∈ R}.
We shall proceed in four steps to show (3.10).
Step 1. We show that
lim sup
m→∞
sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
≤ sup
µk∈L
n
k=1,... ,K
inf
R∈R
ER
[
K∑
k=1
µk(gk)
]
. (3.11)
Fix ε > 0. Let (µ1m, . . . , µ
K
m) ∈
(
L
n)K
be such that
inf
R∈Rm
ER
[
K∑
k=1
µkm(g
k)
]
≥ sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
− ε.
Define (µ˜1m, . . . , µ˜
K
m) by (µ˜
k
m)t = (µ
k
m)t ◦ λ
m, for t = 0, . . . , T and k = 1, . . . ,K. We can show that
(µ˜1n, . . . , µ˜
K
n ) ∈ (L
n
)K . For any R˜ ∈ R, let R˜m := R˜ ◦ (λ
m)−1 ∈ Rm. Then
ER˜m
[
K∑
k=1
µkm(g
k)
]
= ER˜
[
K∑
k=1
T∑
t=0
((µkm)t ◦ λ
m)(gkt ◦ λ
m)
]
= ER˜
[
K∑
k=1
T∑
t=0
(µ˜km)t(g
k
t ◦ λ
m)
]
.
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Therefore,∣∣∣∣∣ER˜m
[
K∑
k=1
µkm(g
k)
]
− ER˜
[
K∑
k=1
µ˜km(g
k)
]∣∣∣∣∣ ≤ ER˜
[
K∑
k=1
T∑
t=0
(µ˜km)t
∣∣∣(gkt ◦ λm)− gkt ∣∣∣
]
≤ Kρ(1/m).
Hence, we have that
sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
− ε ≤ inf
R∈Rm
ER
[
K∑
k=1
µkm(g
k)
]
≤ ER˜m
[
K∑
k=1
µkm(g
k)
]
≤ ER˜
[
K∑
k=1
µ˜km(g
k)
]
+Kρ(1/m).
By the arbitrariness of R˜, we have that
sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
− ε ≤ inf
R∈R
ER
[
K∑
k=1
µ˜km(g
k)
]
+Kρ(1/m)
≤ sup
µk∈L
n
k=1,... ,K
inf
R∈R
ER
[
K∑
k=1
µk(gk)
]
+Kρ(1/m).
Taking limsup on both sides above and then sending εց 0, we have (3.11) holds.
Step 2. We show that
sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
= inf
R∈Rm
sup
µk∈L
n
k=1,... ,K
ER
[
K∑
k=1
µk(gk)
]
.
As the domain of λm is countable, there exists a probability measure R∗ on the domain of λm that
dominates Rm. Then we have that
sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
= sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER∗
[
dR
dR∗
K∑
k=1
µk(gk)
]
= inf
R∈Rm
sup
µk∈L
n
k=1,... ,K
ER∗
[
dR
dR∗
K∑
k=1
µk(gk)
]
= inf
R∈Rm
sup
µk∈L
n
k=1,... ,K
ER
[
K∑
k=1
µk(gk)
]
,
where we apply the minimax theorem (see e.g., [17, Corollary 2]) for the second equality, and use
the fact that L
n
is compact and the map:
(µ1, . . . , µN ) 7→ ER∗
[
dR
dR∗
N∑
k=1
µk(gk)
]
is continuous under the Baxter-Chacon topology w.r.t. R∗ (see e.g., [13]).
Step 3. We show that
inf
R∈R
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gkτk
]
≤ lim inf
m→∞
inf
R∈Rm
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gkτk
]
. (3.12)
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Without loss of generality, we assume the sequence
{
infR∈Rm sup τk∈T n
k=1,... ,K
ER
[∑K
k=1 g
k
τk
]}
m∈N
con-
verges. Fix ε > 0. Take Rm ∈ Rm such that
sup
τk∈T
n
k=1,... ,K
ERm
[
K∑
k=1
gk
τk
]
≤ inf
R∈Rm
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gk
τk
]
+ ε.
Let R˜m ∈ R be such that Rm = R˜m◦(λ
m)−1. As R is weakly compact, there exists R˜ ∈ R such that
up to a subsequence R˜m
w
−→ R˜. Then for any bounded uniformly continuous function f ∈ B(Ω
n
),∣∣ERmf− ER˜f∣∣ ≤ ∣∣∣ERmf− ER˜mf
∣∣∣+ ∣∣∣ER˜mf− ER˜f
∣∣∣ = ∣∣∣ER˜m(f ◦ λm)− ER˜mf
∣∣∣+ ∣∣∣ER˜mf−ER˜f
∣∣∣
≤ ER˜m |(f ◦ λ
m)− f|+
∣∣∣ER˜mf− ER˜f
∣∣∣ ≤ ρf(1/m) + ∣∣∣ER˜mf− ER˜f
∣∣∣→ 0, m→∞,
where ρf is the modulus of continuity of f. Hence, Rm
w
−→ R˜. Since the map
R 7→ sup
τk∈T
n
ER
[
gkτk
]
is lower semi-continuous under weak topology (see e.g., [14, Theorem 1.1]), the map
R 7→
K∑
k=1
sup
τk∈T
n
ER
[
gkτk
]
= sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gkτk
]
is also lower semi-continuous. Therefore,
lim
m→∞
inf
R∈Rm
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gk
τk
]
+ ε ≥ lim inf
m→∞
sup
τk∈T
n
k=1,... ,K
ERm
[
K∑
k=1
gk
τk
]
≥ sup
τk∈T
n
k=1,... ,K
ER˜
[
K∑
k=1
gkτk
]
≥ inf
R∈R
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gkτk
]
.
Letting εց 0 we obtain (3.12).
Step 4. From Steps 1-3 we have that
sup
µk∈L
n
k=1,... ,K
inf
R∈R
ER
[
K∑
k=1
µk(gk)
]
≤ inf
R∈R
sup
µk∈L
n
k=1,... ,K
ER
[
K∑
k=1
µk(gk)
]
= inf
R∈R
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gk
τk
]
≤ lim inf
n→∞
inf
R∈Rm
sup
τk∈T
n
k=1,... ,K
ER
[
K∑
k=1
gk
τk
]
= lim inf
m→∞
inf
R∈Rm
sup
µk∈L
n
k=1,... ,K
ER
[
K∑
k=1
µk(gk)
]
= lim inf
m→∞
sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
≤ lim sup
m→∞
sup
µk∈L
n
k=1,... ,K
inf
R∈Rm
ER
[
K∑
k=1
µk(gk)
]
≤ sup
µk∈L
n
k=1,... ,K
inf
R∈R
ER
[
K∑
k=1
µk(gk)
]
,
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where the first and the second equalities (passage from the liquidation strategies to stopping times
and then back) follow from [13, Proposition 1.5]. 
Lemma 3.6. Let Assumption 3.1(i)(ii) hold. Then for n = N,N + 1, the set
Q
n
(α, γ) :=
{
Q≪ P
n
: S
n
is a Q-martingale, EQ
[
f
n
]
≤ α, EQ
[
h
n
]
≥ γ
}
,
is weakly compact.
Proof. Take ε > 0. Since Q(α) is weakly compact, there exists a compact set K ∈ B(Ω) such that
Q(K) ≥ 1− ε for any Q ∈ Q(α). For any Q ∈ Q
n
(α, γ), we can write it as
Q = Q′(·)⊗Q′′(·, t1, . . . , tn), (3.13)
where Q′ is the marginal distribution of Q on (Ω,B(Ω)), and Q′′ is a transition kernel. Moreover,
it is easy to see that Q′ ∈ Q(α). Then we have that
Q(K × Tn) = Q′(K) > 1− ε.
This implies that the set Qn(α, γ) is tight and thus pre-compact.
Now take (Qi)
∞
i=1 ⊂ Q
n
(α, γ) such that Qi
w
−→ Q∞, and we will show that Q∞ ∈ Q
n(α, γ).
Denote as in (3.13),
Qi = Q
′
i(·)⊗Q
′′
i (·, t
1, . . . , tn), i = 1, . . . ,∞.
Obviously Q′i
w
−→ Q′∞. As Q(α) is weakly compact, Q
′
∞ ∈ Q(α). Then there exists P ∈ P
dominating Q′∞. This implies that Q∞≪ P
n
, since Q∞ is dominated by P ⊗R for any probability
measure R on Tn with full support. Furthermore, S is a Q′∞-martingale measure implies that S
n
is a Q∞-martingale, and
EQ
∞
[
f
n
]
= EQ′
∞
[fn] ≤ α.
Finally, as EQi
[
h
n
]
≥ γ and Qi
w
−→ Q∞, we have EQ
∞
[
h
n
]
≥ γ by Assumption 3.1(ii). 
Proof of Theorem 3.1. We adapt the proof of [5, Theorem 5.1]. As SNA holds inM
N
, SNA(P
N
)
holds with ((f
N
,−h
N
), (α,−γ)). Then
pi(φ) = sup
b∈RM+
sup
µ∈
(
L
N
)M
,η∈L
N
sup
{
x ∈ R : ∃(H, a, c) ∈ H
N
× RL+ × R
N
+ ,
s.t. Φ
N
α,β,γ(H, a, b, µ, c) + η(φ
N
) ≥ x, P
N
-q.s.
}
= sup
b∈RM
+
sup
µ∈
(
L
N
)M
,η∈L
N
inf
Q∈Q
N
(α,γ)
EQ
[
b
(
µ
(
gN
)
− β
)
+ η
(
φ
N
)]
= sup
b∈RM
+
inf
Q∈Q
N
(α,γ)
sup
τ,τ j∈T
N
j=1,... ,M
EQ

 M∑
j=1
bj
(
gj
τ j
N
− βj
)
+ φ
N
τ

 , (3.14)
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where we apply Lemma 3.3(ii) for the second equality, and Lemmas 3.5 and 3.6 for the third equality.
Now for b ≥ 0 the map
b 7→ sup
τ,τ j∈T
N
j=1,... ,M
EQ

 M∑
j=1
bj
(
gj
τ j
N
− βj
)
+ φ
N
τ


is linear, and the map
Q 7→ sup
τ,τ j∈T
N
j=1,... ,M
EQ

 M∑
j=1
bj
(
gj
τ j
N
− βj
)
+ φ
N
τ


is convex and lower semi-continuous under the weak topology, see [14, Theorem 1.1]. Thanks to
the weak compactness of Q
N
(α, γ) by Lemma 3.6, we can apply the minimax theorem (see e.g.,
[17, Corollary 2]) to (3.14) and obtain
pi(φ) = inf
Q∈Q
N
(α,γ)
sup
b∈RM
+
sup
τ,τ j∈T
N
j=1,... ,M
EQ

 M∑
j=1
bj
(
gj
τ j
N
− βj
)
+ φ
N
τ

 = inf
Q∈Q
N
(α,β,γ)
sup
τ∈T
N
EQ
[
φ
N
τ
]
.
Let (Qm)m∈N ⊂ Q
N
(α, β, γ) ⊂ Q
N
(α, γ). As Q
N
(α, γ) is weakly compact, there exist Q ∈
Q
N
(α, γ) and (Qni)i∈N ⊂ (Qn)n∈N, such that Qni
w
−→ Q. Again, by [14, Theorem 1.1] the map
R 7→ sup
τ∈T
N ER
[
gjτ
N
]
is lower semi-continuous for j = 1, . . . ,M . Therefore,
sup
τ∈T
N
EQ
[
gjτ
N
]
≤ lim inf
i→∞
sup
τ∈T
N
EQni
[
gjτ
N
]
≤ βj , j = 1, . . . ,M.
Hence, Q ∈ Q
N
(α, β, γ), which implies that QN (α, β, γ) is weakly compact. Therefore, the infimum
for the duality of pi(φ) is attained since the map R 7→ sup
τ∈T
N ER
[
φ
N
τ
]
is lower semi-continuous.
As SNA(P
N
) holds with ((f
N
,−h
N
), (α,−γ)), SNA(P
N
) also holds with ((f
N+1
,−h
N+1
), (α,−γ))
by Lemma 3.4. Then corresponding results for the super-hedging price follows by similar but simpler
arguments. 
Proof of Theorem 3.2. It is easy to show the sufficiency and let us focus on the necessity. We
will prove by an induction on the number of longed American options, namely M . For M = 0 the
result follows from Lemma 3.3(i). Now suppose the result holds for M = m− 1 ∈ N and show that
it holds for M = m. For k = m − 1,m, denote NAk, SNAk, pik(·) and Q
N,k
as the NA defined
in Definition 3.1, SNA defined in Definition 3.1, sub-hedging price defined in (3.2), and the set of
martingale measures defined in (3.4) in terms of S, f, h and g1, . . . , gk in M
N
, respectively. Denote
βk := (β1, . . . , βk).
Let SNAm hold in M
N
. Then there exists δ > 0, such that NAm holds in M
N
w.r.t. α,
(β1, . . . , βm−1, βm − δ), γ. It follows that
pim−1(gm) ≤ βm − δ, (3.15)
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for otherwise, one would create an arbitrage by paying βm − δ to buy one unit of gm and getting
(pim−1(gm)+βm− δ)/2 via some trading strategy. As SNAm holds, SNAm−1 also holds. Hence, by
Theorem 3.1 we have that
pim−1(gm) = inf
Q∈Q
N,m−1
(α,βm−1,γ)
sup
τ∈T
N
EQ
[
gmτ
N
]
. (3.16)
Moreover, by the induction hypotheses there exists δ′ > 0 such that for any P ∈ P
N
, there exists
Q1 ∈ Q
N,m−1
(α− δ′,βm−1 − δ′, γ + δ′) dominating P .
By Assumption 3.1(iii), there exists C > 0 such that |gmt | < C for t = 0, . . . , T . Choose λ ∈ (0, 1)
such that
β∗ := λC + (1− λ)(βm − δ/2) < βm.
Let
α′ := λ(α− δ′) + (1− λ)α = α− λδ′, γ′ := γ + λδ′
and
β′ := (β1 − λδ′, . . . , βm−1 − λδ′, β∗).
Let P ∈ P. We will show that there exists some Q ∈ Q
N,m
(α′, β′, γ′) ⊂ Q
N,m
(α − ε, β −
ε, γ + ε) dominating P , where ε := (βm − β∗) ∧ (λδ′). By (3.15) and (3.16), there exists Q2 ∈
Q
N,m−1
(α,βm−1, γ), such that
sup
τ∈T
N
EQ2
[
gmτ
N
]
< βm − δ/2.
Let Qλ := λQ
1+(1−λ)Q2 ≫ P. Obviously, Qλ≪ P, Qλ is a martingale measure, EQλ
[
f
N
]
≤ α′,
EQλ
[
h
N
]
≥ γ′, and
sup
τ∈T
N
EQλ
[
gjτ
N
]
≤ βj − λδ′, j = 1, . . . ,m− 1.
Furthermore,
sup
τ∈T
N
EQλ
[
gmτ
N
]
= sup
τ∈T
N
(
λEQ1
[
gmτ
N
]
+ (1− λ)EQ2
[
gmτ
N
])
≤ λC+(1−λ) sup
τ∈T
N
EQ2
[
gmτ
N
]
≤ β∗.
This implies Qλ ∈ Q
N,m
(α′, β′, γ′). 
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